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Contribution to Regularization in Optimal Trajectory Problems
KLAUS J. SCHWENZFEGER*

Institute of Astronautics of the Technical University, Munich, Germany

Optimizing the trajectory of a low thrust space vehicle usually means solving a nonlinear two-point boundary
value problem. In general, accuracy requirements necessitate extensive computation times. In celestial mechanics
regularizing transformations of the equations of motion are used to eliminate computational and analytical
problems that occur during close approaches to gravitational force centers. It was shown in previous investigations
that regularization in the formulation of the trajectory optimization problem may reduce the computation time.
In this study, a set of regularized equations describing the optimal trajectory of a continuously thrusting space
vehicle is derived. The computational characteristics of the set are investigated and compared to the classical
Newtonian unregularized set of equations. The comparison is made for low thrust minimum time escape
trajectories. The comparison indicates that in the cases investigated for bad initial guesses of the known
boundary values a remarkable reduction in the computation time was achieved. Furthermore, the investigated set
of regularized equations shows high numerical stability even for long duration flights and is less sensitive to
errors in the guesses of the unknown boundary values.

Introduction

THE space vehicle trajectory optimization problem, in
general, is treated from the point of view of the Mayer-Bolza

problem which is well known in the calculus of variations.1'2
Usually the solution must be obtained numerically requiring
some means of iteration procedures involving multiple integra-
tions of sets of differential equations. One of the primary con-
siderations in evaluating a numerical optimization procedure is
the computation time for a predetermined accuracy with which
the terminal conditions have to be satisfied. It is known that,
when space vehicle trajectories cross regions with strongly
varying gravitational force fields, the necessary numerical
accuracy often requires extreme computation times. The com-
putation time depends in principal on: 1) the numerical integra-
tion procedure, 2) the iterative numerical optimization method,
and 3) the mathematical formulation of the problem used.

In this study, standard integration3 and standard iteration4'5
techniques are used. The main purpose of the investigation was
to develop an improved formulation of the set of differential
equations describing the space vehicle motion and the optimality
conditions; in other words, to find a set of equations with
high stability of numerical integration and less sensitivity with
respect to errors in the required guesses for the unknown
boundary conditions. This behavior is necessary for the iteration
procedure to demonstrate good convergence characteristics in
isolating the optimal solution.

In celestial mechanics, regularizing transformations are used to
remove the singularity which occurs due to the r~ 2 term in the
equations of motion during close approach to a gravitational
force center. These techniques reduce or eliminate computational
and/or analytical problems in calculating those parts of space
object trajectories.6 It was shown in previous investigations7 ~ 9'19

that the use of regularizing transformations in the formulation
of the trajectory optimization problem may reduce the computa-
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tion time and improve the convergence characteristics in com-
parison with unregularized sets of equations. Based on those
results, in this study the equations for the optimal trajectory
of a space vehicle with a continuous low thrust propulsion
system are derived using regularized variables. The set of
variables chosen was first described by Sperling11 and Burdet.12

The regularization for the state, as well as for the Lagrangian
multiplier, equations is obtained by using only the classical
Sundman10 time transformation.

To investigate the numerical behavior of the derived system,
the examples chosen are two-dimensional Earth minimum time
escape trajectories starting from various orbits and using various
vehicle characteristics. The results are compared with the classical
unregularized set of Newtonian equations of motion.6'8'16'18

The comparison indicates that in the cases investigated, a
reduction in computation time was achieved and that the
regularized set of the equations of motion is less sensitive to
errors in the guesses of the unknown boundary conditions.

Problem Formulation
The equation of motion of a spacecraft with a continuous

thrusting propulsion system in an inverse-square gravitational
force field can be written as

3) = P (1)
where the superscribed dot denotes the derivative with respect
to t, (~) indicates the quantity as a vector, r is the radius vector
from the force center to the vehicle, which is assumed to be a
point mass, r is the absolute value of the radius vector, ^ = GM,
where G is the universal gravitational constant, M is the mass of
the central body, and P is the vector of the thrusting acceleration
defined as

P = (F/mft (2)
with F, the absolute value of the thrust, which is assumed to
be constant in this study, m — m0 — fit is the vehicle mass at time
t with p as the constant mass flow rate, u is the unit vector of
the unspecified thrust direction.

The trajectory has to connect the given initial state
fQ = r(t0) ^0 = ^0) m0 = m(t0) (3)

and the final state
ff = r(tf) rf = f(tf) (4)

The final time is either predetermined or free.
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The optimal transfer problem considered can then be formu-
lated as follows: determine the unspecified thrust history u to
minimize any performance index J, a function of the boundary
values of the state x where

XT — (r, f, m)
and the time t

J = J(x0, t0, xf, tf) (5)
while satisfying the differential equations

x=f(x,u,t) (6)
for t0^t^tf and the boundary conditions given in Eqs. (3) and
(4). The derivation of the set of necessary conditions for an
optimal trajectory previously formulated as a Mayer-Bolza
problem may be found in any textbook of the calculus of
variations.13

Derivation of the Regularized Equations

The derivation of regularized differential equations for the state
variables and the Lagrangian multipliers can be approached
either by first regularizing the equations of motion and then
setting down the necessary criteria for optimization in terms of
the new independent variable, or by setting up the complete
optimization problem with ordinary time as the independent
variable and then applying the regularizing transformation to
the whole system of resulting equations. In the following deriva-
tion, the first approach is used. The second approach leads to
the same set of equations if the second-order equation of motion
is reduced to a set of first-order equations considering the fact
that the regularized velocity using the time transformation
dt = r ds will be v = rr.

Before applying the new independent variables, defined by the
classical regularizing transformation of Sundman10

ds = r~1dt (7)
to the equations of motion, we may write Eq. (1) as

h = (f'P) (8)
e = (l/ij)[? x (r x P) + P x (r x P)]

where the following substitution equations for energy h and the
Laplacian constant e and their time derivatives were used

and the Laplacian constant e

e = - - + - [f x (r x f)] (10)

Because of Eq. (7) the second time derivative of the radius vector
is

r2? = f"-[(r-f')/r2']ff (11)
The prime denotes the derivative with respect to the new
independent variable s.

Equations (7, 8, and 11) together with the differential equation
for the mass variation m = ft give the complete set of regularized
differential equations for the state variables. Using the substitu-
tion f' = v the equations can be written in a first-order form12

v' = 2hf-
h' = (v-P)

v x(f x
m' = fir
t' = r

x (f x v)~
(12)

Setting up the Hamiltonian of system (12) and deriving its partial
derivatives with respect to all of the state variables will lead to
the following set of Lagrangian multiplier equations, the
necessary conditions of optimality

/ = -lv2h-(lv-P)2f-[v x (lt x P) + P
(Iexv)-]^-lm^f/r)-i,(r/r)

x (le x P)+Ie x ( f x
(13)

„' = „ A*
Am=-(F/m2)\Hp\

The subscript denotes to which of the state variables the
multiplier Af is related.

|/? | is the absolute value of the partial derivative of the
Hamiltonian H with respect to the thrusting acceleration
P

x (v x le) + Ze x (v x r)] (14)
The optimal thrust vector program is derived from the condition
that the partial derivative of the Hamiltonian with respect to
the control u, which obeys the constraint equation

(H-S)-1=0 (15)
has to be zero.

It follows
u=-HJ\Hf\ (16)

This sign in Eq. (16) follows from examining the second varia-
tion of the Hamiltonian with respect to u for minimization.

Discussion

Equations (2, 12-14, and 16) give the complete set of regular
equations for an optimal trajectory of a thrusting space vehicle
in an inverse square force field.

The derived system is seen to be regular without any limit
value considerations except for the unit vector of the radius and
without a transformation of the state variables. Although the
unit vector of the radius has for r —> 0 a well known limit value,15

in rectangular coordinates the calculation of f/r near a gravita-
tional singularity will lead to numerical difficulties. In the case of
calculating a two-dimensional trajectory, the use of polar
coordinates will prevent those problems. The increase of the
number of differential equations is a minor disadvantage with
respect to the integration time. Compared to the classical
formulation of the trajectory optimization problem2 in the
three-dimensional case, the number of equations increases from
7 to 12 for the state description and from 7 to 11 for the adjoint
system. Those additional equations are one vector equations for
the Laplacian constant and two scalar equations for the energy
and the time, which is now a new dependent variable. The
adjoint system increases one equation less than the state system
because the multiplier related to the time Ms a constant, as is
pointed out in Appendix A. If the time would appear explicitly
in any of the Eqs. (12) and (13), it always could be eliminated
by using Eq. (7).

The integration interval changes from t0 ^ t ̂  tftos0^ s ̂  sf,
with sf unknown even in the case that tf is given, because sf
depends on the unknown history of the radius of the optimal
trajectory.14

In contrast to the classical set of equations for the optimal
trajectory, the equation of the Lagrangian multiplier associated
with the differential equation of the vehicle mass Am is not
independent.

For two-dimensional trajectory calculations, the use of polar
coordinates may be advantageous, because the number of
differential equations decreases to 7 for the state description and
to 5 for the adjoint system. The Laplacian constant does not
appear in the equations of motion. It is well known that the
regularizing transformation used will not regularize the
differential equations for the central angle. The adjoint system
has one equation less due to the independence of the central
angle equation from the optimization problem.
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Discussion of Numerical Results
The numerical behavior of the system derived was investigated

by means of the two-dimensional minimum time Earth escape.
For the minimum time Earth escape of the continuous thrusting
vehicle with ft = const mass flow rate, the performance index
was formulated as

J = (-m/) (17)
The only boundary condition at the final time is

h = 0 (18)
Therefore, an auxilliary function </> is constructed

0=-m / + v/z (19)
(where v is a constant Lagrangian multiplier). The final values
of the Lagrangian multipliers at the final time tf with the
definition ^(t) = Ai are

(20)

The first equation of set (20) indicates that all final A. values,
except /Im, and khj are zero.

v may be expressed in terms of the unknown state variables
of the final time tf using the condition that the Hamiltonian
has to be equal to zero even at the final time. Using this
condition and applying Eqs. (20) gives

v=-\P\rfmf/F\vf\ (21)
Equations (2, 12-14, and 16) together with the boundary condi-
tions (3, 18, 20, and 21) form the complete set which is to be
solved for the optimum escape trajectory calculation. The reason
that the optimal trajectory is not determined by one integration
of this set is that the state variables and multipliers are not
given as a complete set at one definite time t. So the solution

DU: DEVIATION OF THE
THRUST DIRECTION FROM
PATH TANGENT

12-
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Fig. 1 Optimal low thrust Earth escape spiral.

is an iteration process starting from any initial guess of the
missing boundary values at the initial or final time. Usually, an
initial guess of the Lagrangian multipliers is made.

In this study approximations of the initial values of the
multipliers were determined from a backward integration of an
escape trajectory using a tangential thrust program. This method
made use of the knowledge that for escape, a tangential thrust

Table 1 Numerically integration characteristics for different types of optimal Earth escape trajectories

TRAJECTORY
TYPE

SPIRAL

-3.7 REV.

tf = 15.45 hr

SPIRAL

~ 240 REV.

tf = 35 Days

SPIRAL

~ 700 REV.

tf = 165 Days

HIGHLY ECC.

tf = 1 1 1 Hr

HIGHLY ECC.*

tf = 56 Days

SET OF
EQUATIONS

NEWTONIAN

REGULARIZED

REGULARIZED

REGULARIZED

REGULARIZED

NEWTONIAN

REGULARIZED

REGULARIZED

COORDINATE
SYSTEM

RECTANGULAR

RECTANGULAR

POLAR

POLAR

POLAR

RECTANGULAR

RECTANGULAR

RECTANGULAR

MAX ERROR
PER STEP

10-5

10-5

10-*

10-^

10-*

10-5

10-5

10-^

INTEGR. TIME
PER STEP

100%

~ 200%

~ 100%

~ 100%

~ 1 00%

1 00%

~ 200%

~ 1 00%

NO. OF
STEPS

52

37

24

989

—

26

14

132

ERROR INH**

*i ^

< 10"7

< 10"8

< ID"7

< 10"6

—

< 10'6

< 10'6

< 10-5

< 10"8

< 10"7

< 10-9

< 10-7

< 10~7

< 10-7

< 10"6

< 10"8

QUADRAT 1C***
ERROR

< lO'12

< 10-13

< 10-^

< ID-'*

< lO'12

< 10-13

< lO-l2

< 10-13

INTEGRATION WITH RUNGE KUTTA 4(5) , ALL OTHER CASES WITH RUNGE KUTTA 7(8) ON MSFC'S SDS 930 COMPUTER.

** HAMILTONIAN OF THE SYSTEM CONSIDERED.

*** SUM OF THE QUADRATIC ERRORS IN THE BOUNDARY CONDITIONS AT THE TIME Tp.
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Table 2 Convergence characteristics of different kinds of Earth escape trajectories K/ calculated by a tangential thrust backward integration

TYPE OF
ESCAPE

SPIRAL

15.^5 HR.

SPRIAL

35 DAYS

SPIRAL

165 DAYS

HIGHLY ECC.

Ill HR.

HIGHLY ECC.

56 DAYS

SET OF
EQUATIONS

NEWTONIAN

REGULARIZED

REGULARIZED

REGULARIZED

REGULARIZED

NEWTONIAN

REGULARIZED

REGULARIZED

COORDINATE
SYSTEM

RECTANGULAR

RECTANGULAR

POLAR

POLAR

POLAR

RECTANGULAR

RECTANGULAR

RECTANGULAR

MAX ERROR
PER STEP

10-5

ICT*

lo-1*

10-^

10-^

10-5

1<H*

10-^

QUADRATIC
ERROR

< 10-^2

< ID-'2

< KT'3

< 10-12

< lO-l2

< 10-12

< 10-15

< 10-13

NO. OF
ITERATIONS

19

6

4

30

18

29

6

13

NO. OF TRAJECTORIES
CALCULATED

26

16

11

37

25

36

16

23

program is close to the optimal steering program. For the integra-
tions, standard Runge-Kutta-Fehlberg3 procedures of different
orders as indicated in Table 1 were used.

The first example calculated is a 15.5 hr Earth escape spiral
from a low circular Earth orbit with r = 1.05 times Earth radius
and an initial thrust to mass ratio of 0.1 m/sec2. This example
was also investigated in Ref. 18. Although this F/m0 is relatively
large, it represents a compromise between a computationally
expensive realistic trajectory and an inexpensive unrealistic
trajectory. The optimal trajectory is shown in Fig. 1 with the
optimal thrusting angle measured against the path tangent.

The second example investigated is shown in Fig. 2. It is an
optimal minimum time Earth escape starting from a highly
eccentric Earth orbit near the Earth with r0 = 1.34 x Earth
radius. The gravitational force varies until the final time is
reached by approximately a factor of 103 in magnitude, thus, it
is expected that for certain error bounds, the numerical integra-
tion stepsize will change within a wide range. The initial thrust
to mass ratio of 3.10~3 m/sec2 is somewhat more realistic than
is the spiral escape. Figure 2 shows the optimal steering program.
The spacecraft in both cases is considered as a point mass with

>• -40-

T/MO = 0.0031
CENTER OF .

EARTH

DU: DEVIATION OF THE THRUST
DIRECTION FROM PATH TANGENT

v TF = 111.27hi
14 28

TIME (104 sec)

-21 -18 -15 -12 -9 -6 -3 0
X (1.34 X E A R T H R A D I U S )

Fig. 2 Optimal low thrust Earth escape starting from a highly eccentric
orbit.

a continuous thrusting device. The mass flow rate is constant. All
examples are calculated in two dimensions.

Table 1 gives some insight into the integration characteristics
of the regularized set derived in comparison to the Newtonian
set of equations of motion, which was also investigated in a
first-order form. Some results, not shown in Table 1, indicate that
the use of a second-order formulation of the Newtonian set of
equations may save some integration time. It did not improve
the convergence behavior of the system in those cases
investigated.

The examples for the Newtonian set of equations were
calculated in a rectangular coordinate system. For the regularized
set of equations, rectangular and polar coordinates were used.

The integration time per step is given only in normalized form
for comparison with the Newtonian case, which is chosen as
100%. The actual values for the SCS-930 used for the calcula-
tions are not representative of modern, faster computers (e.g.,
UNIVAC 1108). The values given are based on a rough calcula-
tion from the duration of one complete trajectory integration
divided by the number of steps. The number of stepsize changes
is not considered, but means usually each time one additional
step.

The doubling in the integration time per step for the regularized
set in rectangular coordinates in comparison to the Newtonian
set is essential due to the increased number of differential
equations. That also explains the approximate equality of the
integration time in the polar coordinates where the number of
equations is equal to that of the Newtonian formulation.

The number of steps for the same error bound required in the
boundary conditions at the final time is, in the 15 hr spiral case,
decreased by approximately 30% and in the 111 hr escape case
more than 40% as compared with the Newtonian set and the
regularized set calculated in rectangular coordinates. The use of
polar coordinates for this particular example seems advantageous
even in the number of steps.

Since a closed form solution to the problem considered here
does not exist, the error generated by the numerical integration
process is unknown. The converged trajectory is always chosen
as the optimal trajectory.

The error in the Hamiltonian given in Table 1 indicates, that
all calculations are made within the same error limits and gives
an impression of the numerical accuracy achieved.
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Table 3 Initial error influence on the convergence characteristics of the 15.45 H Earth escape spiral

\ j ini t ial X

^OPT ^optimal \J

.01

.1

.5

.8

1.0

1.2

2.0

10.0

100.0

NEWTONIAN SET OF EQUATIONS
IN RECTANGULAR COORDINATES

N*

Not Conv.***

Not Conv.

17

7

0

7

16

19

Not Conv.

n**

...

...

24

14

1

14

23

26

...

REGULARIZED SET IN
RECTANGULAR COORDINATES

N

Not Conv.

21

8

5

0

6

16

20

30

n

...

31

18

15

1

16

26

30

40

N * - NUMBER OF ITERATIONS

n VWr - NUMBER OF TRAJECTORIES CALCULATED TO FIND THE OPTIMAL SOLUTION.

*** - NOT CONVERGED WITHIN 50 ITERATIONS

A certain control of the results is possible by comparing the
final time with time necessary to achieve zero energy with a
tangential thrust steering program. For each problem considered,
the isolated trajectories calculated with different sets of equations
and coordinate systems coincide at least within the number of
digits indicated by the maximum allowable error per integration
step.

The quadratic error given in the last column of Table 1 is
defined as the sum of the quadratic error of the boundary
conditions at the final time. The routine requires only that the
value be smaller than 10 ~12. The extent to which this criterion
is exceeded is not controlled.

To demonstrate the numerical stability of the derived

regularized set, three long duration optimal escape solutions are
shown in Table 1. The 30-day spiral escape trajectory starts
from a 1.05 Earth radius circular orbit, with an initial thrust
to mass ratio from 10" 3 m/sec2. The number of revolutions is
more than 235. The 165-day spiral escape starts from the same
circular Earth orbit with an initial thrust to mass ratio of
5 • 10 ~4 m/sec2. The number of revolutions is approximately 700.
The 56-day escape trajectory starts from the high eccentric
orbit.

Table 2 shows the number of iterations and the number of
trajectories calculated to isolate the optimal trajectory for all
those cases listed in Table 1. The initial guesses of the unknown
Lagrangian multipliers were in all cases systematically derived

Table 4 Initial error influence on the convergence characteristics of the 111 H Earth escape trajectory

Xj i n i t i a l \

XOPT optimal \J

.1

.5

.8

1.0

1.2

1.5

10.0

NEWTONIAN SET OF EQUATIONS
IN RECTANGULAR COORDINATES

N*

Not Conv.

35

38

0

20

38

69

n**

...

k2

^

1

27

**5

76

REGULARIZED SET
IN RECTANGULAR COORDINATES

N

20

10

0

——

8

20

n

30

20

——

1

——

18

30

N * - NUMBER OF ITERATIONS

n ** - NUMBER OF TRAJECTORIES CALCULATED TO FIND THE OPTIMAL SOLUTION

- NOT CALCULATED
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from a backward calculation starting from the final state, which
was obtained from a tangential thrust steering program. The
deviation of those k values from the finally calculated optimal
values differ depending on the individual sensitivity of those
multipliers with respect to a nonoptimal steering program. The
deviations range from 10% to about an order of magnitude and,
most importantly, include changes in signs.

Table 2 shows the improved behavior of the regularized set
in performing those calculations. The figures given are possibly
not the best values attainable. The influence of different scaling
systems or optimal selections of sensitivity factors for the
optimization technique used is not considered for this com-
parison. The long duration cases were able to be calculated
only with the aid of the regularized set of equations of motion.

To investigate the sensitivity of the different sets of equations
with respect to deviations of the initial A values from the optimal
values in Tables 3 and 4, the results of the nonrealistic
systematic changes in the initial A's are given for the shorter
escape cases.

It is found that for small deviations due to the smaller number
of differential equations, the Newtonian set may require less
trajectory calculations than the regularized set. But for greater
deviations, the regularized set is obviously less sensitive. The
remark "nonconverged" indicates that after about 50 iterations,
no improvement of the isolation procedure was noticed. Also,
for the figures in Tables 3 and 4, no effort was made to derive
the smallest possible number of iterations. For the sensitivity
analysis, the error in the final time was always considered
to be zero.

Conclusions
Based on the results shown in this paper, the following

conclusions may be drawn.
For the examples calculated, the integration time per trajectory

necessary in either Newtonian or regularized formulation of the
equations of motion is found to be approximately equal. The
gain due to the smaller number of steps using the regularized
set is lost due to the greater number of differential equations
which cause a higher integration time per step.

In the case of good initial guesses of the missing boundary
values (i.e., the Lagrangian multipliers at the time t = 0) the
smaller number of differential equations in the Newtonian
formulation is even advantageous with respect to the numerical
optimization method used. Only slight differences between both
formulations were found.

On the other hand, a remarkable gain in computation time
is achievable for the trajectory types investigated by using the
regularized set in the more realistic cases of bad initial guesses
for the Lagrangian multipliers. The smaller sensitivity of the
regularized set leads more rapidly to the converged trajectory.
In the case of extremely bad initial values, the regularized set gives
the hope that convergence may be achieved where it otherwise
might have been impossible. In the long duration cases presented,
convergence was achieved without use of aids other than were
previously mentioned and without major difficulties.

Appendix A: An Alternate Way to Derive the
Regularized Equations

Using the same substitutions of energy h and Laplacian
constant Eqs. (9) and (10) in the equations of motion (1), we
find with the additional substitution of the velocity v = r the
first-order system of the equations of motion

i = (v-P)
- (l/H)[v x (r x

(Al)

If we start setting up the optimization problem with the
system (Al) and using the time transformation dt = rds, we will
not find the same set of Lagrangian multiplier Eqs. (13). In
particular, the system derived in such a manner will be more
complex and not regularized, and the Lagrangian multiplier
equation related to the differential equation of the vehicle mass
will stay independent as in the classical case.

But starting from the second-order equation for the radius
vector

r2'r = — r(r • ?) + 2hr ~ne + r2P (A2)
and considering the fact that the regularized velocity using the
time transformation dt = rds will be

v = rf (A3)
then the following first-order system will be derived

r = v/r

i = (v-P)/r (A4)
x (r x x (r x D)]}/r

Starting with set (A4) setting up the optimization problem gives
the same Lagrangian multiplier equations as in the first approach
described previously.

The relation between the Hamiltonian SH of the regularized
set of state equations (12) and the Hamiltonian *H of the
unregularized set (A4) is

SH = rlH (A5)
Building the partial derivatives gives the connection between

the regularized and unregularized set of multiplier equations.

=
(A6)

The second part of the first equation in set (A6) appears because
of the defining equation of the new independent variable. The
additional multiplier A, follows for the autonomous system (12)
and as pointed out previously, considering the necessary free
boundary condition sf as the constant

lt = -1H (A7)
\*H\ is the value of the Hamiltonian of the unregularized
system(A4).14

x (r x
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Filtering and Smoothing Simulation Results for CIRIS Inertial
and Precision Ranging Data

WILLIAM S. WIDNALL*
Intermetrics Inc., Cambridge, Mass.

The CIRIS (Completely Integrated Reference Instrumentation System) under development at Holloman Air
Force Base will provide a continuous indication of aircraft position, velocity, and attitude based on the optimal
combination of inertial navigation and precision radio range and range-rate data. A postflight data processor,
developed by Intermetrics, accomplishes the optimal estimation, either by forward filtering or by smoothing. The
simulation results show that the CIRIS accuracy will be a strong function of the placement of the ranging
system ground transponders. Optimal smoothing of the data significantly improves the estimation accuracy during
the gaps in ranging-system coverage.

Introduction

THE CIRIS (Completely Integrated Reference Instrumenta-
tion System) under development at Holloman Air Force

Base will provide highly accurate indications of aircraft position,
velocity, and attitude. These data are required in connection with
the flight testing and evaluation of navigation and guidance
systems. The onboard CIRIS subsystems (Fig. 1) include a Litton
CAINS inertial navigation system, a Cubic Corp. CR-100
precision range/range-rate measurement set, a Hewlett-Packard
HP-2100 general purpose digital computer, and a flight data
recorder. The ranging system measures the range and the
integral of the range rate to cooperative transponders placed at
known surveyed locations. Synchronized position/velocity/
attitude data from the inertial system and range/range-rate
data from the ranging system are recorded on the flight data
tape.

A postflight data processor, developed by Intermetrics, com-
putes optimal estimates of aircraft position, velocity, and attitude,
using the inertial and ranging data. At user option, the estimates
are computed either by a Kalman forward filter or by an optimal

Received July 19, 1973; presented as Paper 73-872 at the AIAA
Guidance and Control Conference, Key Biscayne, Fla., August 20-22,
1973; revision received January 15, 1974. Project supported by Air
Force Special Weapons Center, 6585th Test Group, Air Force Systems
Command, Holloman Air Force Base, N. Mex. The author wishes to
acknowledge the contributions of P. A. Grundy, N. A. Carlson,
T. A. James, and Capt. M. Birnbaum to the development of the
CIRIS postflight processor.

Index category: Navigation, Control, and Guidance Theory.
* Program Manager. Associate Fellow AIAA.

smoother. The Kalman forward filter1 determines an estimate
\f of the state vector based on all the past data leading up to
each time point of interest. The optimal smoother utilizes not
only all the past data, but all the future data, with respect to
each time point of interest. Several alternate mathematically equi-
valent smoother formulations are available.2"6 The most simple
formulation conceptually is the Fraser two-filter smoother.5 In
the two-filter smoother, one obtains from an optimal forward
filter an estimate xf and associated covariance Pf of the esti-
mation error. An optimal backward filter then generates an
estimate xb and associated covariance Pb, based on all the future
data with respect to each time point of interest. Since statistically
independent data have been used to generate the forward estimate

Fig. 1 Completely integrated reference instrumentation system (CIRIS).


